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We offer a novel derivation of the electromagnetic self-force acting on a charged particle moving
in an arbitrary curved spacetime. Our derivation is based on a generalization from flat spacetime to
curved spacetime of the extended-body approach of Ori and Rosenthal. In this approach the charged
particle is first modeled as a body of finite extension s, the net force acting on the extended body is
computed, and the limit s → 0 is taken at the end of the calculation. Concretely our extended body is
a dumbbell that consists of two point charges that are maintained at a constant spacelike separation
s. The net force acting on the dumbbell includes contributions from the mutual forces exerted on
each charge by the field created by the other charge, the individual self-forces exerted on each charge
by its own field, and the external force which is mostly responsible for the dumbbell’s acceleration.
These contributions are added up, in a way that respects the curved nature of the spacetime, and
all diverging terms in the net force are shown to be removable by mass renormalization. Our end
result, in the limit s → 0, is the standard expression for the electromagnetic self-force in curved
spacetime.
Disclaimer
An earlier version of this paper was submitted for pub-
lication in Physical Review D, and it was severely criti-
cised by a knowledgeable referee. After revising the paper
to fully acknowledge the flaws of this work, and failing
once more to convince the referee, we decided to with-
draw the paper and not to pursue its publication. We
tried to do what should not be done: To derive the equa-
tions of motion of a charged, extended body without for-
mulating a consistent model for its internal dynamics.
This effort was misguided, and the referee was correct to
recommend against publication.
Nevertheless, there is much that we like about this
paper. First, we believe that Fermi normal coordinates
(Sec. II) are a very useful and natural tool for this prob-
lem. Second, we find it remarkable that the total force
is largely insensitive to the details of the rule (Sec. V)
that is used to transport individual forces to a common
point. And finally, we believe that our critical review of
the literature (Sec. VI) is valuable, and we reiterate our
view that “the existing derivations [of the standard ex-
pression for the electromagnetic self-force], including the
one presented here, possess varying strengths and weak-
nesses, but that none of them can be considered to be
completely satisfactory.” We hope that this contribution
will motivate other researchers to seek a derivation that
is fully beyond reproach.
I. INTRODUCTION AND OVERVIEW
A particle with an electric charge e, subjected to an ex-
ternal force fµext, moves in a curved spacetime according
to the equations of motion
maµ = fµext + f
µ
self , (1.1)
wherem is the particle’s mass, aµ = Duµ/dτ is the parti-
cle’s covariant acceleration, the covariant derivative with
respect to proper time τ of the velocity vector uµ, and
fµself is the particle’s electromagnetic self-force, the force
exerted on the particle by its own electromagnetic field.
This is given by
fµself = e
2
(
δµν + u
µuν
)(2
3
Daν
dτ
+
1
3
Rνλu
λ
)
+ 2e2uν
∫ τ−
−∞
∇[µG
ν]
λ′
(
z(τ), z(τ ′)
)
uλ
′
dτ ′. (1.2)
The self-force is expressed in terms of the velocity vec-
tor uµ, the rate of change of the acceleration vector
Daµ/dτ , the Ricci tensor Rµν of the curved spacetime,
and in terms of an integral over the particle’s past history.
The integration involves the retarded Green’s function
Gµν′(x, x
′) associated with the wave equation satisfied
by the electromagnetic vector potential (in the Lorenz
gauge); the first argument of the Green’s function is the
point z(τ), the current position of the particle, and its
second argument is a prior position z(τ ′). The inte-
gration also involves the charge’s velocity vector uµ
′
at
the prior position z(τ ′). The integration is cut short at
τ ′ = τ− ≡ τ − 0+ to avoid the singular behavior of the
Green’s function when z(τ ′) coincides with z(τ). We shall
refer to the right-hand side of Eq. (1.2) as the standard
expression for the electromagnetic self-force.
The standard expression was first obtained by DeWitt
and Brehme [1], who based their derivation on energy-
momentum conservation, and who generalized Dirac’s pi-
oneering analysis [2] from flat spacetime to curved space-
time; their calculations were later corrected by Hobbs [3].
The standard expression was also derived on the basis of a
logically independent axiomatic approach by Quinn and
Wald [4]. Another alternative derivation was produced
by Detweiler and Whiting [5], on the basis of their unique
decomposition of the retarded field into singular and reg-
ular fields, and an assertion that the singular field exerts
no force on the particle. Finally, the standard expression
was derived by Poisson [6] on the basis of an averaging
2procedure, wherein the self-force is assumed to be pro-
duced by the average of the particle’s retarded field over
a spherical surface surrounding the charge.
Our purpose in this paper is to propose yet another
derivation of the standard expression, and to critically
review the derivations listed in the preceding paragraph.
Our contention is that the existing derivations, including
the one presented here, possess varying strengths and
weaknesses, but that none of them can be considered
to be completely satisfactory. The derivation presented
here is certainly not immune to criticism. We believe,
however, that its flaws are sufficiently different from the
flaws of the competition that it merits to be developed.
Furthermore, we believe that the calculational techniques
introduced here will provide a useful basis for a future
attempt at providing a fully satisfactory derivation of
the standard expression.
We have in mind an approach in which the charged ob-
ject is fundamentally not a point particle, but a body of
finite extension (denoted s) that is held together against
electrostatic repulsion by cohesive forces. A physical
model for such an object would involve the specification
of its internal composition, a description of the internal
dynamics (the motion of each body element around the
center of mass, in response to the applied cohesive and
electromagnetic forces), and a derivation of its external
dynamics (the motion of the center of mass in response to
the external and self forces). This modeling would have
to be done in a fully relativistic setting that takes into ac-
count the retardation of all interactions within the body,
and the curved nature of the background spacetime. In
the limit in which the length and time scales associated
with the external electromagnetic field, and those associ-
ated with the curved spacetime, are large compared with
s, we would expect this detailed calculation to reproduce
the standard expression of Eq. (1.2). The reason is that
in this limit, the external fields do not probe the internal
structure of the charged body, and the equations of mo-
tion would have to reflect a near-complete decoupling of
the internal and external dynamics; this is achieved by
the standard expression.
The program outlined in the previous paragraph is a
difficult one to pursue. This approach has been very suc-
cessful in the context of the self-forced motion of a mas-
sive body (as opposed to an electrically charged body)
in a curved spacetime [6, 7, 8]. Here the body could be
modeled as a black hole, an extended object with the
simplest structure compatible with the laws of general
relativity. The motion of the black hole could be derived
by matching the metric of the black hole perturbed by
the tidal gravitational field supplied by the external uni-
verse to the metric of the external universe perturbed
by the moving black hole. Demanding that this metric
be a valid solution to the Einstein field equations de-
termines the motion without additional input. The end
result is an equation of motion that makes no reference
to the internal structure of the extended body. While the
gravitational implementation of this program was made
possible by the simplicity afforded by the black hole, an
electromagnetic implementation would have to involve a
detailed modeling of the body’s internal structure. For
this reason the electromagnetic case is much more dif-
ficult to deal with. To the best of our knowledge, the
electromagnetic program has yet to be completed.
In this paper we take some steps toward an eventual
completion of this program. We consider a charged body
with a very simple internal structure, but we make no
attempt to model its internal dynamics. This is hardly
satisfactory, and we are indeed a long way from reaching
the stated goals, but we nevertheless shall see that some
measure of success can be achieved with this minimalis-
tic setting. In particular, we shall see that our approach
does permit a derivation of the standard expression of
Eq. (1.2). While we concede that our approach is flawed
and does not produce a fully satisfactory derivation of
Eq. (1.2), we believe that our contribution is still valu-
able. In particular, as was stated above, we believe that
the calculational techniques introduced in this paper will
be useful in an eventual completion of the program.
Concretely our derivation is based on the Ori-
Rosenthal extended-body approach to the electromag-
netic self-force [9, 10], which we generalize from flat
spacetime to curved spacetime. Our extended body is
a dumbbell that consists of two point charges that are
maintained at a constant spacelike separation s; the ori-
entation of the dumbbell, relative to the direction of the
motion, is arbitrary. The dumbbell has no internal dy-
namics: the separation between the two charges is kept
constant by a method that will be described in Sec. IV.
Because our extended body does not have a continuous
distribution of charge, our calculation of the net force
acting on it cannot proceed without an input axiom; this
must provide us with some information on the individual
self-forces that act on the constituting charges. We want,
of course, this axiom to be as mild as possible, and we
want the calculation to be capable of producing, in the
limit s→ 0, a precise and well-defined expression for the
electromagnetic self-force.
Our input axiom is mild. It states:
The self-force acting on a point charge is a
well-defined vector field on the particle’s
world line, and it is proportional to the
square of the particle’s electric charge.
This axiom is, first of all, an assumption that there ex-
ists a self-force acting on each constituting point charge
in the dumbbell. This assumption is required by physi-
cal consistency: It would be inconsistent to assume that
the individual self-forces do not exist, and to find in the
end that a nonzero self-force emerges from the extended
body in the limit s → 0. The axiom is also an assump-
tion that the self-force is proportional to the square of
the particle’s charge. This property also follows from a
requirement of physical consistency: In a spacetime with
a timelike Killing vector, the total work done by the self-
force must equal the total energy radiated by the charge
3[11]; because the radiated energy is proportional to the
square of the charge, we require the same of the self-force.
The formulation of the axiom constitutes the first flaw
of our minimalistic approach: such an axiom would not
be required in an extended-body calculation that would
deal honestly with the body’s internal dynamics. More-
over, the assumed equality between radiated energy and
work done by the self-force must be only approximately
valid, because heat dissipation within an extended body
would also contribute to the energy balance. This effect,
however, should become unimportant in the limit s→ 0,
that is, in the limit in which the internal dynamics de-
couple from the external dynamics.
Our derivation of the standard expression rests on the
axiom, on additional contrivances that will be introduced
below, and on various computational devices that can be
imported from the literature. The geometry of our dumb-
bell is well adapted to a description in terms of Fermi
normal coordinates, and we make heavy use of this co-
ordinate system throughout the paper. The coordinates
are introduced in most textbooks on general relativity
(see, for example, Refs. [12] or [13]), but here we rely on
the presentation given in Poisson’s review article, pub-
lished online in Living Reviews in Relativity [6]. We will
make heavy use of this resource in this paper; below it
will be repeatedly referred to as LRR. The properties
of the Fermi normal coordinates that are needed in our
derivation are summarized in Sec. II.
Another set of results that can be imported from the
literature is the expression for the retarded electromag-
netic field created by a point charge moving on an ac-
celerated world line in a curved spacetime. This field
produces a force on a neighboring charge, and this force
contributes to the net force acting on the dumbbell. Ex-
pressions for the field, given as expansions in powers of s
in Fermi normal coordinates, are derived in LRR [6] and
used here; these are presented in Sec. III.
A useful computational device for our derivation is the
Detweiler-Whiting decomposition [5] of the retarded elec-
tromagnetic field Fαβ into singular “S” and regular “R”
pieces,
Fαβ = F
S
αβ + F
R
αβ . (1.3)
As was shown by Detweiler and Whiting, this decompo-
sition is unambiguous, the retarded and singular fields
share the same singularity structure near the world line,
and the regular field FRαβ is smooth on the world line.
They showed also that the retarded and singular fields
satisfy the same field equations (with a distributional cur-
rent density on the right-hand side), but that the regular
field is sourcefree. The Detweiler-Whiting decomposition
is introduced in Sec. III, and it is used here without mak-
ing assumptions about the physical role of the singular
field. We involve it mostly as a matter of convenience,
but also to emphasize the point that the standard expres-
sion for the self-force describes an interaction between the
particle and the regular field.
The dumbbell is formally introduced in Sec. IV, and
in Sec. V the net force acting on it is computed from
the individual contributions. These include the mutual
forces exerted on each charge by the field created by the
other charge, the individual self-forces exerted on each
charge by its own field, and the external force which is
mostly responsible for the dumbbell’s acceleration. This
step requires another computational device, a transport
rule that allows us to bring the different forces to a com-
mon point before adding them up. Our transport rule is
introduced in Sec. V, and it is a straightforward general-
ization, from flat spacetime to curved spacetime, of the
Ori-Rosenthal rule [9, 10].
The final step of the calculation is to renormalize the
mass and then take the limit s → 0. These calculations
also are presented in Sec. V, and the final outcome is
Eq. (1.2), the standard expression for the electromag-
netic self-force. We conclude the paper in Sec. VI with a
critical review of the existing derivations of the self-force,
in which we comment on their strengths and weaknesses.
We also offer a critical summary of our own approach.
Throughout the paper we use the notations and con-
ventions of Misner, Thorne, and Wheeler [12]. In partic-
ular, we use geometrized units in which G = c = 1.
II. FERMI COORDINATES AND COMOVING
WORLD LINES
A. Fermi normal coordinates
We consider a neighborhood N around a reference
world line γ¯ in a curved spacetime with metric gαβ ; the
extension of N is small compared with the radius of cur-
vature of the spacetime. The world line is arbitrary,
and it possesses an acceleration. The neighborhood N is
charted with Fermi normal coordinates (t, xa), in which t
is proper time on the world line, and xa (a = 1, 2, 3) are
spatial coordinates that vanish on the world line [LRR
Sec. 3.2]. The coordinates have the property that a space-
like geodesic orthogonal to γ¯ is described by the equations
t = constant and xa = sωa, where s is proper distance
away from the world line (measured along the geodesic),
and the coefficients ωa are constant. They also have the
property that s2 = δabx
axb, where δab is the Kronecker
delta, so that the ωa’s form the components of a unit
vector, δabω
aωb = 1.
The metric of the curved spacetime in N is expressed
in Fermi normal coordinates (FNC) as an expansion in
powers of the spatial coordinates xa. It takes the form
[LRR Eq. (125)–(127)]
gtt = −1− 2a¯ax
a − (a¯ax
a)2 − R¯ctdtx
cxd +O(s3),(2.1)
gta = −
2
3
R¯actdx
cxd +O(s3), (2.2)
gab = δab −
1
3
R¯acbdx
cxd + O(s3), (2.3)
where a¯a(t) ≡ δaba¯
b(t) are the spatial components of
the vector aα¯, γ¯’s acceleration vector, in FNC (the time
4component vanishes), and where R¯ctdt(t), R¯actd(t), and
R¯acbd(t) are the components of the Riemann tensor eval-
uated on γ¯; these depend on t only. Here and below we
use an overbar to indicate quantities that are evaluated
on γ¯. When the quantity is the component of a tensor
in FNC, we place the overbar on the tensorial symbol, as
in a¯a; when the quantity is the tensor itself, we place the
overbar on the tensorial index, as in aα¯.
The FNC have the property that the metric reduces
to Minkowski values on the reference world line. The
inverse metric is
gtt = −1 + 2a¯ax
a − 3(a¯ax
a)2 + R¯ctdtx
cxd
+O(s3), (2.4)
gta = −
2
3
R¯actdx
cxd +O(s3), (2.5)
gab = δab +
1
3
R¯a bc dx
cxd +O(s3). (2.6)
Here the indices on the Riemann tensor are raised freely
with δab; this is appropriate because the Riemann tensor
is evaluated on the reference world line.
It is useful to decompose the metric in terms of a tetrad
of dual vectors e
(0)
α , e
(a)
α that are orthonormal everywhere
inN . Here the superscript within brackets serves to label
each one of the four tetrad members, and the Greek sub-
script is the usual vectorial index.1 The decomposition
is given by
gαβ = −e
(0)
α e
(0)
β + δabe
(a)
α e
(b)
β (2.7)
and the members of the tetrad are [LRR Eqs. (123) and
(124)]
e
(0)
t = 1 + a¯ax
a +
1
2
R¯ctdtx
cxd +O(s3), (2.8)
e(0)a =
1
6
R¯actdx
cxd +O(s3), (2.9)
e
(a)
t = −
1
2
R¯actdx
cxd +O(s3), (2.10)
e
(a)
b = δ
a
b −
1
6
R¯acbdx
cxd +O(s3). (2.11)
The tetrad vectors possess the important property that
they are parallel transported along the spacelike geodesic
that leaves γ¯ orthogonally to arrive at the point x =
(t, xa). As was mentioned previously, this spacelike
geodesic is described by the equations t = constant and
xa = sωa, with constant coefficients ωa; its departure
point on γ¯ is therefore x¯ = (t, 0).
We introduce also a tetrad of vectors eα(0), e
α
(a) which
is related to the dual tetrad by
eα(0) = −g
αβe
(0)
β , e
α
(a) = δabg
αβe
(b)
β . (2.12)
1 The dual tetrad is denoted e¯0α, e¯
a
α in LRR.
With Eqs. (2.4)–(2.11) we obtain the explicit forms
et(0) = 1− a¯ax
a + (a¯ax
a)2 −
1
2
R¯ctdtx
cxd
+O(s3), (2.13)
ea(0) =
1
2
R¯actdx
cxd +O(s3), (2.14)
et(a) = −
1
6
R¯actdx
cxd +O(s3), (2.15)
eb(a) = δ
b
a +
1
6
R¯bcadx
cxd +O(s3). (2.16)
Any vector Aα at a point x = (t, xa) in N can be decom-
posed in the tetrad eα(0), e
α
(a); the decomposition takes
the form of
Aα = A(0)eα(0) +A
(a)eα(a), (2.17)
and the coefficients A(0) = Aαe
(0)
α , A(a) = Aαe
(a)
α are the
frame components of the vector at the point x.
Any vector Aα at the point x = (t, xa) can be parallel
transported to the simultaneous point x¯ = (t, 0) on γ¯ by
following the spacelike geodesic t = constant that links
these points. Because the tetrad vectors are themselves
parallel transported along this geodesic, the frame com-
ponents of the vector stay constant during the transport.
The vector at x¯ is therefore Aα¯ = A(0)eα¯(0) + A
(a)eα¯(a),
where eα¯(0) and e
α¯
(a) are the tetrad vectors at x¯. This can
be expressed as
Aα¯(x¯) = gα¯β(x¯, x)A
β(x), (2.18)
where gα¯β = e
α¯
(0)e
(0)
β + e
α¯
(a)e
(a)
β is the parallel propagator.
Its components in FNC are
gt¯t = 1 + a¯ax
a +
1
2
R¯ctdtx
cxd +O(s3), (2.19)
gt¯a =
1
6
R¯actdx
cxd +O(s3), (2.20)
ga¯t = −
1
2
R¯actdx
cxd +O(s3), (2.21)
ga¯b = δ
a
b −
1
6
R¯acbdx
cxd +O(s3). (2.22)
B. Congruence of comoving world lines
We introduce a congruence of comoving world lines
γ(xa) in N . These timelike curves are all described by
xa = constant, and they are comoving with γ¯ ≡ γ(0) in
the sense that they preserve their spatial coordinates, and
therefore their spatial separation s relative to γ¯, during
their motion. The comoving world lines are labeled by xa
and are parameterized by their proper time τ(xa). This
is related to t ≡ τ¯ ≡ τ(0) by dτ2 = −gtt dt
2, so that
dτ
dt
= 1 + a¯ax
a +
1
2
R¯ctdtx
cxd +O(s3) (2.23)
5according to Eq. (2.1). The inverse relation is
dt
dτ
= 1− a¯ax
a + (a¯ax
a)2 −
1
2
R¯ctdtx
cxd +O(s3). (2.24)
The congruence’s velocity field is denoted uα, and its
components in FNC are
ut =
dt
dτ
, ua = 0. (2.25)
This vector field is everywhere tangent to the members
of the congruence. It is decomposed in the tetrad of
Eqs. (2.13)–(2.16) as
uα = u(0)eα(0) + u
(a)eα(a), (2.26)
and the frame components are calculated to be
u(0) = 1 +O(s3), u(a) = −
1
2
R¯actdx
cxd +O(s3).
(2.27)
The acceleration field of the congruence is defined as
aα = uβ∇βuα; this is the acceleration vector of each co-
moving world line. A straightforward calculation, based
on the Christoffel symbols obtained from Eqs. (2.1)–(2.3),
produces its components in FNC. We obtain
at = O(s2), aa = (1− a¯cx
c)a¯a + R¯atctx
c +O(s2);
(2.28)
as expected, at = 0 and aa = a¯a when xc = 0. The
acceleration field also can be decomposed as
aα = a(0)eα(0) + a
(a)eα(a). (2.29)
Its frame components are
a(0) = O(s2), a(a) = (1− a¯cx
c)a¯a + R¯atctx
c +O(s2).
(2.30)
We conclude this section by introducing one addi-
tional vector field in N . Take the spatial coordinates
xa of the point x and divide by the proper distance
s = (δabx
axb)1/2 between x and x¯; this gives ωa = xa/s,
and these form the components of a unit vector. Then
define the vector field
ωα = ωaeα(a). (2.31)
This is well-defined provided that xa 6= 0; the vector field
is singular on γ¯ by virtue of its directional ambiguity. It
is easy to see that this vector is normalized, in the sense
that gαβω
αωβ = 1. Its most important property is that it
is tangent to the spacelike geodesic that links the points
x and x¯. This can be established from the definition
of the FNC in terms of Synge’s world function σ(x, x¯)
[LRR Secs. 2.1 and 3.2, especially Eq. (116)]: We have
xa = −e
(a)
α¯ σ
α¯, where e
(a)
α¯ is the dual tetrad at x¯ and
σα¯ = ∇α¯σ(x, x¯), and it follows that
ωα = −
1
s
eα(a)e
(a)
α¯ σ
α¯ = −
1
s
gαα¯(x, x¯)σ
α¯,
where we have involved the definition of the parallel
propagator that follows Eq. (2.18) and used the fact
that e
(0)
α¯ σ
α¯ = −uα¯σα¯ = 0. Using now the identity
−gαα¯σ
α¯ = σα, where σα = ∇ασ(x, x¯), we arrive at
ωα =
1
s
σα. (2.32)
The vector σα/s is normalized and it does have the prop-
erty of being tangent to the geodesic linking x to x¯ [LRR
Sec. 2.1]. We note that the vector of Eq. (2.32) is defined
in a covariant way; the spatial distance s is an invariant
related to Synge’s world function by s =
√
2σ(x, x¯).
III. FORCE ON A COMOVING CHARGE
EXERTED BY ANOTHER COMOVING CHARGE
We place an electric charge e¯ on the reference world line
γ¯, and we let it create a retarded electromagnetic field
Fαβ . We next place an electric charge e on the world
line γ ≡ γ(sωa), a specific member of the congruence
introduced in Sec. II B. Our specific world line is labeled
by its Fermi normal coordinates (FNC) xa = sωa, where
s is γ’s constant spatial separation relative to γ¯, and ωa
are constant directional coefficients. The electromagnetic
field created by e¯ exerts a force on e, and this is given by
fα = eFαβu
β = f (0)eα(0) + f
(a)eα(a). (3.1)
Here uα is the velocity vector of the charge e moving
on the world line γ, whose components are listed in
Eqs. (2.24) and (2.25). In the second form the force is
decomposed in the tetrad of Eqs. (2.13)–(2.16). In these
expressions we must substitute xa = sωa to select our
particular member γ from the congruence γ(xa).
If we further decompose Fαβ and u
α in the tetrad eα(0),
eα(a) we find that the frame components of the force are
given by
f (0) = eF(a)(0)u
(a), f (a) = e
(
F
(a)
(0)u
(0) + F
(a)
(b)u
(b)
)
.
(3.2)
The frame components of the electromagnetic field were
computed, and expressed as expansions in powers of s in
FNC, in [LRR Eqs. (455) and (456)]. They are given by2
F(a)(0) = e¯
[
1
s2
ωa −
1
2s
(
a¯a + a¯bω
bωa
)
+
3
4
a¯bω
ba¯a
+
3
8
(
a¯bω
b
)2
ωa +
3
8
˙¯atωa −
2
3
R¯atbtω
b
−
1
6
R¯btctω
bωcωa
2 The frame components are denoted F¯a0 and F¯ab in LRR, and
contrary to our usage here, quantities that refer to the reference
world line γ¯ are presented in LRR without an overbar.
6+
1
12
(
5R¯tt + R¯bcω
bωc + R¯
)
ωa
−
1
6
R¯abω
b
]
+ FR(a)(0) +O(s) (3.3)
and
F(a)(b) = e¯
[
1
2
(
ωa ˙¯ab − ˙¯aaωb
)
+
1
2
(
R¯atbc − R¯btac
)
ωc
−
1
2
(
R¯atωb − ωaR¯bt
)]
+ FR(a)(b) +O(s). (3.4)
The quantities that appear in Eqs. (3.3) and (3.4) were,
for the most part, introduced in Sec. II. Exceptions are ˙¯at
and ˙¯aa, which are the components in FNC of the vector
a˙α¯ = Daα¯/dτ¯ , the covariant derivative with respect to
proper time τ¯ ≡ τ(0) ≡ t of γ¯’s acceleration vector. Ad-
ditional exceptions are R¯tt, R¯ta, R¯ab, and R¯, which are
respectively the components in FNC of the Ricci tensor
and the Ricci scalar, all evaluated on the reference world
line γ¯. It should be noted that in Eqs. (3.3) and (3.4),
ωa ≡ δabωb.
We have also introduced the frame components of
the Detweiler-Whiting regular field [Eq. (1.3); LRR
Eqs. (471) and (472)],
FR(a)(0) = e¯
[
2
3
˙¯aa +
1
3
R¯at
]
+ F¯ tail(a)(0) +O(s) (3.5)
and
FR(a)(b) = F¯
tail
(a)(b) +O(s). (3.6)
These are related to the frame components of the “tail
part” of the field [LRR Eqs. (453) and (454)],
F¯ tail(a)(0) = F
tail
α¯β¯ e
α¯
(a)e
β¯
(0), F¯
tail
(a)(b) = F
tail
α¯β¯ e
α¯
(a)e
β¯
(b), (3.7)
where
F tailα¯β¯ (x¯) = 2e
∫ τ¯−
−∞
∇[α¯Gβ¯]µ′(x¯, z
′)uµ
′
dτ¯ ′. (3.8)
Notice that the tail field is evaluated at the point x¯ =
(t, 0) on the reference world line. It is expressed as an
integral over e¯’s past history, for times ranging from t′ =
−∞ to t′ = t− ≡ t − 0+. The first argument of the
Green’s function is the point x¯, the current position of
the charge e¯, and its second argument is a prior position
z′ = (t′, 0). The tail field is presented in a covariant form
by identifying τ¯ ′ ≡ τ ′(0) ≡ t′ and τ¯ ≡ t.
If we substitute Eqs. (2.27), (3.3), and (3.4) into
Eq. (3.2) we obtain the frame components of the force
exerted on the charge e. We find
f (0) = O(s), f (a) = eF
(a)
(0) +O(s). (3.9)
We may now substitute these into Eq. (3.1) and recon-
struct a vectorial expression for the force. The vector fα
is at first expressed in terms of the vectors ωaeα(a), a¯
aeα(a),
and quantities of the form eα(a)R¯
a
tctω
c and eα(a)R¯
a
bω
b.
The vector field ωα = ωaeα(a) was already introduced in
Eq. (2.31), and its geometrical meaning was described
at the end of Sec. II. The vector field a¯aeα(a) can easily
be related to aα, the acceleration field of Eq. (2.28); by
combining Eqs. (2.15), (2.16), and (2.28) we obtain
a¯aeα(a) = (1 + sa¯cω
c)aα − seα(a)R¯
a
tctω
c +O(s2). (3.10)
Making this substitution into Eq. (3.9) and involving
Eq. (3.3), we obtain
fα = ee¯
[
1
s2
ωα −
1
2s
aα −
1
2s
(
a¯bω
b
)
ωα +
1
4
(
a¯bω
b
)
aα
+
3
8
(
a¯bω
b
)2
ωα +
3
8
˙¯atω
α −
1
6
eα(a)R¯
a
tbtω
b
−
1
6
R¯btctω
bωcωα +
1
12
(
5R¯tt + R¯bcω
bωc + R¯
)
ωα
−
1
6
eα(a)R¯
a
bω
b
]
+ eeα(a)F
(a)
R(0) +O(s). (3.11)
This expression for the force involves the vectors ωα,
aα, and eα(a) which are all appropriately defined at x =
(t, sωa), where the charge e resides. But it also involves
quantities such as a¯a, ˙¯at, R¯
a
tct, etc., which are defined in-
stead at x¯. The result is cumbersome, and our expression
for the force needs to be rationalized. We shall therefore
endeavor to express fα entirely in terms of quantities
that are defined at x.
To see how this can be achieved we present the details
of a representative piece of the calculation: We shall show
that the quantity a¯aω
a that appears in Eq. (3.11) can be
expressed as
a¯aω
a = aαω
α + s(aαω
α)2 − sRαµβνω
αuµωβuν +O(s2),
(3.12)
in terms of tensorial quantities defined at x only. Here aα
is the acceleration field of Eq. (2.28), uα is the velocity
field of Eqs. (2.24) and (2.25), and Rαµβν is the Riemann
tensor evaluated at x.
We begin by stating that by virtue of Eq. (2.31) and
the orthonormality of the tetrad vectors, a¯aωa is equal
to a¯aeα(a)ωα. Combining this statement with Eq. (3.10)
gives
a¯aω
a = (1 + sa¯cω
c)aαω
α − sωαe
α
(a)R¯
a
tctω
c +O(s2),
or
a¯aω
a = aαω
α + s
(
aαω
α
)2
− sωαe
α
(a)R¯
a
tctω
c +O(s2).
By involving the tetrad vectors of Eqs. (2.8)–(2.16), the
components of the Riemann tensor in FNC can be ex-
pressed in covariant form as
R¯atct = R
µ¯
λ¯ν¯ρ¯
e
(a)
µ¯ e
λ¯
(0)e
ν¯
(c)e
ρ¯
(0).
7The right-hand side is a scalar quantity, and this scalar
can be evaluated at x instead of x¯ at the cost of intro-
ducing a correction term of order s. We then have
R¯atct = R
µ
λνρe
(a)
µ e
λ
(0)e
ν
(c)e
ρ
(0) +O(s),
and it follows that
eα(a)R¯
a
tctω
c = Rµλνρ
(
eα(a)e
(a)
µ
)
eλ(0)
(
ωceν(c)
)
eρ(0) +O(s).
The factor within the first set of brackets is δαµ−e
α
(0)e
(0)
µ ,
and the factor within the second set is ων ; the right-hand
side becomes
Rαλνρe
λ
(0)ω
νeρ(0) + O(s).
We now compare Eqs. (2.13), (2.14), and (2.24), (2.25)
and observe that eα(0) = u
α + O(s2). This allows us to
write, finally,
eα(a)R¯
a
tctω
c = Rαλνρu
λωνuρ +O(s),
and we have obtained Eq. (3.12).
Working on each term of Eq. (3.11) in this fashion, we
eventually obtain our final expression
fα = ee¯
[
1
s2
ωα −
1
2s
aα −
1
2s
(
aβω
β
)
ωα +
1
4
(
aβω
β
)
aα
−
1
8
(
aβω
β
)2
ωα +
3
8
(
a˙βu
β
)
ωα
+
1
3
ωαRβγδǫω
βuγωδuǫ −
1
6
Rαβγδu
βωγuδ
+
1
12
(
5Rβγu
βuγ +Rβγω
βωγ +R
)
ωα
−
1
6
(
δαβ + u
αuβ
)
Rβγω
γ
]
+ eFαRβu
β
+O(s) (3.13)
for the force acting on the charge e at position x, due to
the charge e¯ moving on γ¯. This expression involves s, the
spatial distance from x¯ to x; the unit vector ωα defined
at the end of Sec. II; the velocity vector uα of the charge
e, its acceleration vector aα, and its covariant derivative
a˙α; the Riemann and Ricci tensors, and the Ricci scalar,
all evaluated at x. And it involves the Detweiler-Whiting
regular field, also evaluated at x [Eqs. (3.5)–(3.8); LRR
Eqs. (473) and (474)],
eFαRβu
β = ee¯
[(
δαβ + u
αuβ
)(2
3
a˙β +
1
3
Rβγu
γ
)
+ 2uβ
∫ τ¯−
−∞
∇[αG
β]
γ′(x, z
′)uγ
′
dτ¯ ′ +O(s)
]
. (3.14)
It is important to note that our final expression for fα is
a legitimate tensorial relation that is valid in all coordi-
nate systems; all traces of the Fermi normal coordinates,
which were heavily involved in the calculations leading
to Eq. (3.13), have been eliminated.
IV. DUMBBELL
We construct an extended charged body, a dumbbell,
by placing a charge e− on a accelerated world line γ−,
and by placing a second charge e+ on a neighboring world
line γ+. The magnitude of each charge is arbitrary, but
we assume that their sum e = e− + e+, the total charge
of the extended body, does not vanish. We imagine that
each charge follows a predetermined flight plan, and we
wish to determine the forces acting on each charge. In a
suitable sense to be spelled out in the following section,
the sum total of these forces will be the net force acting
on the extended body.
We imagine that each charge is equipped with a con-
trol system that consists of a sensor capable of detecting
any deviation from the charge’s prescribed motion, and
a propulsion system capable of applying the necessary
corrections to return the charge to its prescribed world
line.3 The acceleration of each world line is produced
by an external force fαext which varies smoothly from γ−
to γ+; the acceleration of each world line is related to
the external force by maα = fαext, where m is the mass
of each charge. The role of the propulsion system is to
apply a force fαprop that compensates for the electromag-
netic forces produced within the dumbbell, which tend to
push each charge away from its prescribed motion. The
sum total of the propulsion forces is equal and opposite
to the sum total of the forces produced within the dumb-
bell.
The motion of each charge will be referred to a ref-
erence world line γ¯ which defines the spatial origin of a
Fermi coordinate system (t, xa). The reference world line
lies between the charges, and this new Fermi system is
distinct from the one used in the preceding section. The
previous system of FNC was centered on one of the two
charges, the one that was labeled e¯; here the FNC are
centered instead on the central world line γ¯. Neverthe-
less, our construction will allow us to continue to use the
language and results of Sec. II.
Because our charges are made to follow a predeter-
mined flight plan, we are free to choose their world lines
γ±. We pick two members of the congruence of comoving
world lines, and we pick them to be on opposite sides of
the reference world line; this translates into the selection
γ± = γ(x
a
±), where x
a
± = ±εn
a. Here, ε is the constant
spatial separation between each world line and γ¯, and na
is a unit vector that specifies the orientation of the dumb-
bell. The charges are therefore maintained at a constant
3 Here we deviate from the Ori-Rosenthal treatment, in which the
charges are maintained in place by a rigid rod instead of a propul-
sion system. We use the artifice of a propulsion system to avoid
the artifice of a perfectly rigid rod (which would violate relativis-
tic causality) or the complications (such as energy dissipation)
associated with a physically realistic rod. We do not think that
this difference in modeling is very important; in flat spacetime
the two models produce identical answers for the self-force.
8spatial separation s = 2ε.
The components of each charge’s velocity vector in
FNC can be obtained from Eqs. (2.24), (2.25) by sub-
stituting xa = xa± = ±εn
a. This gives
ut± = 1∓ εa¯an
a + ε2(a¯an
a)2 −
1
2
ε2R¯ctdtn
cnd
+O(ε3), (4.1)
ua± = 0, (4.2)
where, as before, a¯a are the components of γ¯’s acceler-
ation vector, and R¯ctdt are components of the Riemann
tensor evaluated on γ¯. The acceleration vectors are given
by Eq. (2.28),
at± = O(ε
2), (4.3)
aa± = (1 ∓ εa¯bn
b)a¯a ± εR¯atctn
c +O(ε2). (4.4)
The force fα+ acting on the charge e+, due to the charge
e−, can be obtained from Eq. (3.13) by making the sub-
stitutions e = e+, e¯ = e−, s = 2ε, ω
t = 0, ωa = +na,
uα = uα+, a
α = aα+, and by involving Eqs. (4.1)–(4.4).
Similarly, the force fα− acting on e−, due to e+, can be
obtained by making the substitutions e = e−, e¯ = e+,
s = 2ε, ωt = 0, ωa = −na, uα = uα−, and a
α = aα−.
Straightforward manipulations reveal that the spatial
components of the forces fα± in FNC are
fa± = e+e−
[
±
1
4ε2
na −
1
4ε
a¯a −
1
4ε
(
a¯bn
b
)
na
±
1
2
(
a¯bn
b
)
a¯a ±
1
8
(
a¯bn
b
)2
na ±
3
8
˙¯atn
a
±
1
12
naR¯btctn
bnc ∓
5
12
R¯atbtn
b
±
1
12
(
5R¯tt + R¯bcn
bnc + R¯
)
na
∓
1
6
R¯abn
b + f¯aR +O(s)
]
. (4.5)
The time component of the forces is O(s). In the manip-
ulations leading to Eq. (4.5) we have displaced the evalu-
ation point of the Riemann and Ricci tensors from γ± to
the reference world line γ¯. This can be done carefully by
going through the procedure outlined in the paragraph
following Eq. (3.12); or this can be done more simply
by noting that the displacement introduces a correction
term of order s that can be absorbed into the error term,
O(s).
We have introduced the rescaled Detweiler-Whiting
regular force fα¯R, which is also evaluated on γ¯ in Eq. (4.5).
This is defined by removing a factor of the charge from
the expression for FαRβu
β given in Eq. (3.14). If, for ex-
ample, e+F
−α
R βu
β
+ is the contribution to the force acting
on e+ that comes from e−’s regular field, we write it
as e+e−f
α
R and displace the result from γ+ to γ¯. The
rescaled regular force evaluated on γ¯ is expressed in co-
variant form as
fα¯R =
(
δα¯β¯ + u
α¯uβ¯
)(2
3
a˙β¯ +
1
3
Rβ¯γ¯u
γ¯
)
+ 2uβ¯
∫ τ¯−
−∞
∇[α¯G
β¯]
γ′(x¯, z
′)uγ
′
dτ¯ ′. (4.6)
It is independent of the charges e±, and its spatial compo-
nents in FNC are f¯aR, which is what appears in Eq. (4.5).
V. TOTAL FORCE ACTING ON THE
EXTENDED BODY
The net force acting on the dumbbell of Sec. IV con-
sists of eight separate contributions. The first is fa+, the
force acting on e+ due to the field created by e−; the
second is fa−, the force acting on e− due to the field cre-
ated by e+; the third is f
a
self+, the self-force acting on
e+ due to this charge’s own field; the fourth is f
a
self−,
the self-force acting on e−; the fifth is f
a
prop+, the force
produced by e+’s propulsion system to compensate for
the action of fa+ and f
a
self+; the sixth is f
a
prop−, the force
produced by e−’s propulsion system; and the remaining
two are the external forces faext that are responsible for
the acceleration of each charge.
We recall from Sec. I the fundamental axiom behind
our derivation: The self-force acting on a point charge is
a well-defined vector field on the particle’s world line, and
it is proportional to the square of the particle’s electric
charge. We will invoke these properties in the following
manipulations, but we state now that according to the
axiom, the individual self-forces faself± must be included in
the accounting of the net force; it would be inconsistent
to leave them out, as we expect the extended body to
retain a nonvanishing self-force in the limit ε→ 0.
In a sense to be specified below, the net force acting on
the dumbbell must be the sum total of the eight individ-
ual contributions listed above. We denote by f α¯net,int the
net internal electromagnetic force acting on the dumb-
bell; this is the sum total of fa+, f
a
−, f
a
self+, and f
a
self− eval-
uated on the central world line. We denote by f α¯net,prop
the net force produced by the propulsion system of each
charge; this is the sum total of faprop+ and f
a
prop− evalu-
ated on the central world line. Finally, we denote by f α¯ext
the net external force acting on the dumbbell; this is the
sum total of the external forces acting on each charge.
The propulsion forces are designed to compensate for
the action of the internal electromagnetic forces. We
therefore have f α¯net,prop+f
α¯
net,int = 0, and the equation of
motion for the dumbbell is maα = fαext, where m is the
total mass of the dumbbell; the external forces are keep-
ing the dumbbell on its prescribed world line γ¯. If we
imagine ourselves momentarily switching off the propul-
sion system, the internal electromagnetic forces would no
longer be compensated for, and we would expect that the
dumbbell would start moving according to the new equa-
tion maα = fαext + f
α
self , with the second term denoting
the self-force acting on the dumbbell.4 It is therefore
4 This equation is meant to apply only at the instant at which
9clear that the propulsion forces are in fact compensating
for the self-force, so that f α¯net,prop = −f
α¯
self . This allows
us to conclude that the self-force acting on the dumbbell
is equal to f α¯net,int, and this is what we shall calculate in
the remainder of this section.
The individual forces that make up f α¯net,int cannot sim-
ply be added up, because they are vectors that are defined
at different points in the manifold of a curved spacetime.
Before taking the sum they must all be transported to
a single common point, which we choose to be x¯ on the
reference world line. We need a transport rule to carry
out this operation.
The correct transport rule in flat spacetime was iden-
tified by Ori and Rosenthal [9, 10]. Building on consid-
erations of momentum conservation, they showed that
the transport rule involves parallel transport of the force
from γ± to γ¯ combined with multiplication by a kine-
matic factor dτ±/dτ¯ that converts increments of proper
time on γ± to an increment of proper time on the central
world line. The parallel-transport component of the rule
is easy enough to understand, and the kinematic conver-
sion is easily justified by the fact that an increment of
momentum on each world line is related to the force by
dpα± = f
α
± dτ±; because a similar statement applies to γ¯,
a conversion from dτ± to dτ¯ is clearly required.
We write the net internal electromagnetic force acting
on the dumbbell as
f α¯net,int = k
α¯
α
(
fα+ + f
α
self+
)
+ kα¯α
(
fα− + f
α
self−
)
, (5.1)
where kα¯α(x¯, x) is the transport operator which takes a
force at x± on γ± and brings it to the point x¯ on γ¯. Ac-
cording to Ori and Rosenthal, this is kα¯α = (dτ±/dτ¯)g
α¯
α
in flat spacetime, with the second factor denoting paral-
lel transport from x± to x¯. According to Eqs. (2.22) and
(2.23), from which we remove all terms that involve the
Riemann tensor, the relevant components of the trans-
port operator in FNC are
kab =
(
1± εa¯cn
c
)
δab +O(ε
3) (flat spacetime). (5.2)
In curved spacetime we would expect this expression
to be modified by a term of order ε2 which, presum-
ably, would be constructed from the Riemann tensor.
We shall, however, remain uncommitted as to the ex-
act nature of the transport rule in curved spacetime.
We shall not assume that the flat-spacetime prescription
kα¯α = (dτ±/dτ¯)g
α¯
α is preserved in curved spacetime. And
we shall not adopt any specific alternative prescription
such as, for example, the Dixon-Bailey-Israel transport
rule [14, 15, 16, 17, 18] that is widely used in the descrip-
tion of extended bodies in general relativity. Instead, we
shall adopt a very generic transport rule of the form
kab =
(
1± εa¯cn
c
)
δab + ε
2A¯abcdn
cnd +O(ε3), (5.3)
the propulsion system is switched off. We need not be concerned
with the fact that the dumbbell has momentarily lost its cohesion
and is about to fly apart.
with A¯abcd representing the components of an unknown
tensor which is evaluated at x¯. We may imagine that this
tensor is formed from the Riemann tensor, but we do not
need to make such a statement; our only requirement
here is that the quantities A¯abcd must depend on x¯ only
and be independent of x±. The only allowed dependence
of kab on x
a
± = ±εn
a is the one which is shown explicitly
in Eq. (5.3).
Observe that Eq. (5.3) can be viewed as representing
the Taylor series of a general bitensor kab in powers of
xa. The first two terms in the series are determined by
the requirement that kab must reduce to the expression
of Eq. (5.2) in flat spacetime. The term of order ε2,
however, is arbitrary. Its only relevant property, for the
purposes of our calculation, is that it comes with the same
sign whether the transport originates from x− or x+;
unlike the term of order ε, it does not alternate in sign.
Combining Eqs. (4.5) and (5.3) gives
kabf
b
± = e+e−
[
±
1
4ε2
na −
1
4ε
a¯a ±
1
4
(
a¯bn
b
)
a¯a
∓
1
8
(
a¯bn
b
)2
na ±
3
8
˙¯atn
a ±
1
12
naR¯btctn
bnc
∓
5
12
R¯atbtn
b ±
1
12
(
5R¯tt + R¯bcn
bnc + R¯
)
na
∓
1
6
R¯abn
b ±
1
4
A¯abcdn
bncnd
+ f¯aR +O(ε)
]
, (5.4)
and from this it follows that
kabf
b
+ + k
a
bf
b
− = e+e−
[
−
1
2ε
a¯a + 2¯faR +O(ε)
]
. (5.5)
This result will be substituted into Eq. (5.1) in a moment.
The net internal electromagnetic force acting on the
dumbbell involves also the combined action of the indi-
vidual self-forces faself±. Here we invoke our axiom and
write
faself± = e
2
±f
a
self [γ±], (5.6)
which makes the statement that each self-force is propor-
tional to the square of the particle’s charge; the rescaled
self-force faself [γ±] is independent of e±. As indicated,
each rescaled self-force is a functional of a world line
which, we presume, can be defined in terms of the veloc-
ity vector and its derivatives, and in terms of spacetime
tensors (and bitensors) that are evaluated on the world
line. We assume that this is the same functional for each
world line, and that the result is a smooth vector field on
the world line. From Eqs. (5.3) and (5.6) we get
kabf
b
self+ + k
a
bf
b
self− = (e
2
+ + e
2
−)¯f
a
self [γ¯] +O(ε), (5.7)
in which the rescaled self-force is now evaluated on the
central world line γ¯.
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Equation (5.1) now reads
f¯anet,int = −
e+e−
s
a¯a + 2e+e− f¯
a
R + (e
2
+ + e
2
−)¯f
a
self [γ¯]
+O(s), (5.8)
where s = 2ε is the spatial separation between the two
charges. Equation (5.8) gives the components of the net
force in FNC.
The first term on the right-hand side of Eq. (5.8) is
divergent in the limit s→ 0. It has the form of −melaa,
where
mel =
e+e−
s
(5.9)
is the electromagnetic contribution — its electrostatic
energy — to the mass of the dumbbell. This term pro-
duces an additional inertial term in the equations of mo-
tion, and it can be combined with the term mmateriala
a
to form the appropriate left-hand side, minertiala
a =
(mmaterial+mel)a
a. Here mmaterial is the purely material
contribution to the dumbbell’s mass, to which the elec-
tromagnetic contribution mel is added to form minertial,
the dumbbell’s total inertial mass. The diverging term
has therefore been eliminated by mass renormalization,
and at this stage there is no obstacle in taking the limit
s→ 0 of Eq. (5.8); the dumbbell finally becomes a point
particle.
As was first pointed out by Ori and Rosenthal [9, 10],
the mass-renormalization procedure is successful because
the diverging term in f¯anet is precisely proportional to
the acceleration a¯a; this is a true property of the net
force because the directional terms (a¯bn
b)na/(4ε) that
appeared in the mutual forces fa± were eliminated during
the transport from γ± to γ¯. As they also pointed out, the
procedure is successful also because it is not subjected to
the famous 4/3 problem [19]: the shift in the mass is mel
and not 43mel.
The second and third terms in Eq. (5.8) combine to
form the dumbbell’s own self-force,
f¯aself = 2e+e− f¯
a
R + (e
2
+ + e
2
−)¯f
a
self [γ¯]. (5.10)
We once more invoke our axiom and write the self-force
as
f¯aself = e
2f¯aself [γ¯], (5.11)
in terms of the total charge e = e+ + e− and in terms
of the same rescaled self-force functional that was intro-
duced in Eq. (5.6). Equating Eqs. (5.10) and (5.11) pro-
duces an equation to be solved for f¯aself [γ¯], and we obtain
our central result,
f¯aself [γ¯] = f¯
a
R. (5.12)
The rescaled self-force is the Detweiler-Whiting rescaled
regular force of Eq. (4.6).
Our final conclusion is that the self-force acting on a
point particle of charge e is given by
f α¯self = e
2
(
δα¯β¯ + u
α¯uβ¯
)(2
3
a˙β¯ +
1
3
Rβ¯γ¯u
γ¯
)
+ 2e2uβ¯
∫ τ¯−
−∞
∇[α¯G
β¯]
γ′(x¯, z
′)uγ
′
dτ¯ ′. (5.13)
This is the standard expression for the self-force. The
particle’s equations of motion are then
maα¯ = f α¯self + f
α¯
ext, (5.14)
with the inertial mass m identified with the combined
material and electromagnetic mass of the charged body.
VI. DISCUSSION: CRITICAL REVIEW OF
EXISTING DERIVATIONS OF THE SELF-FORCE
We review in this section the various approaches that
have been used in the literature to derive the standard
expression for the electromagnetic self-force in curved
spacetime, as given by Eq. (1.2). While all these ap-
proaches have led to the same answer, they possess dif-
ferent strengths and weaknesses, and none of them are
completely immune to criticism. This critical review mo-
tivated our own approach to the problem, which is also
summarized at the end of this section. The presentation
in this section borrows heavily from [LRR Sec. 5.5].
A. Conservation of energy-momentum
Conservation of energy-momentum was used by Dirac
[2] to derive the equations of motion of a point elec-
tric charge in flat spacetime, and the same method was
adopted by DeWitt and Brehme [1] in their generaliza-
tion of Dirac’s work to curved spacetime. This approach,
of course, produced the first derivation of the standard
expression. (The DeWitt-Brehme derivation contained a
calculational mistake that was later corrected by Hobbs
[3].)
The method is based on the conservation equation
Tαβ;β = 0, where the stress-energy tensor T
αβ includes a
contribution from the charged particle and a contribution
from the electromagnetic field. The particle’s contribu-
tion is a Dirac distribution on the world line, and the
field’s contribution diverges as 1/s4 near the world line,
where s is the spatial distance from the field point to the
world line. (We are using Fermi normal coordinates in
this discussion.) While in flat spacetime the differential
statement of energy-momentum conservation can imme-
diately be turned into an integral statement, the same
is not true in a curved spacetime (unless the spacetime
possesses at least one Killing vector). To proceed it is
necessary to rewrite the conservation equation as
0 = gµ¯αT
αβ
;β =
(
gµ¯αT
αβ
)
;β
− gµ¯α;βT
αβ, (6.1)
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where gµ¯α(x¯, x) is the parallel propagator from x to an
arbitrary point x¯ on the world line. Integrating this equa-
tion over the interior of a world-tube segment that con-
sists of a “wall” of constant s and two “caps” of constant
t, we obtain
0 =
∫
wall
gµ¯αT
αβdΣβ +
∫
caps
gµ¯αT
αβdΣβ
+
∫
interior
gµ¯α;βT
αβ dV, (6.2)
where dΣβ is a three-dimensional surface element and dV
an invariant, four-dimensional volume element.
There is no obstacle in evaluating the wall integral, for
which Tαβ reduces to the field’s stress-energy tensor; for
a wall of radius s the integral scales as 1/s2. The integra-
tions over the caps, however, are problematic: While the
particle’s contribution to the stress-energy tensor is inte-
grable, the integration over the field’s contribution goes
as
∫ s
0
(s′)−2 ds′ and diverges. This issue arises also in flat
spacetime [2], and in this case the regularization of the
cap integrations, and the removal of all singular terms
by mass renormalization, has been done with great rigor
using robust distributional methods. The state of the art
for flat spacetime was reviewed in a paper by Teitelboim,
Villarroel, and van Weert [20]. As far as we are aware,
however, the cap integrations for curved spacetime were
never handled with such care, and the DeWitt-Brehme
derivation of the self-force does not enjoy the same degree
of rigor as what has been achieved for flat spacetime.
More troublesome, however, is the treatment of the in-
terior integral, which does not occur in flat spacetime,
and which was simply discarded by DeWitt and Brehme.
Because gµ¯α;β scales as s, the field’s stress-energy ten-
sor as 1/s4, and dV as s2 dsdt, this integral goes as∫ s
0 (s
′)−1 ds′dt and it also diverges, albeit less strongly
than the caps integration. While simply discarding this
integral does produce the standard expression for the
electromagnetic self-force, it would be desirable to go
through a careful regularization of the interior integra-
tion, and find a convincing reason to discard it altogether.
To the best of our knowledge, this has not been done,
and until this issue is fully resolved the DeWitt-Brehme
derivation shall be open to criticism.
B. Averaging method
An alternative derivation of the electromagnetic self-
force is presented in [LRR Sec. 5.2.6]. It is based on the
idea that it is the average of the retarded field around
the charged particle which is responsible for the net force
acting on it. This derivation has the advantage of being
much easier to implement than a derivation based on
energy-momentum conservation; it requires a computa-
tion of the retarded field of a point charge, but it does
not require the computation of the field’s stress-energy
tensor.
To describe the averaging method it is convenient to
adopt the Detweiler-Whiting decomposition of the re-
tarded field Fαβ into singular and regular pieces [5],
Fαβ = F
S
αβ + F
R
αβ . (6.3)
As was shown by Detweiler and Whiting, this decompo-
sition is unambiguous, the retarded and singular fields
share the same singularity structure near the world line,
and the regular field FRαβ is smooth on the world line.
To formulate equations of motion for the point charge
we temporarily model it as a spherical hollow shell, and
we obtain the net force acting on this object by averaging
Fαβ over the shell’s surface. (The averaging is performed
in the shell’s rest frame, and the shell is spherical in the
sense that its proper distance s from the world line is
the same in all directions.) The averaged field is next
evaluated on the world line, in the limit of a zero-radius
shell. Because the regular field is smooth on the world
line, this yields
e〈Fµ¯ν¯〉u
ν¯ = e〈F Sµ¯ν¯〉u
ν¯ + eFRµ¯ν¯u
ν¯ , (6.4)
where uµ¯ is the particle’s velocity vector. As was calcu-
lated in [LRR Eq. (475)],
e〈F Sµ¯ν¯〉u
ν¯ = −(m′el)aµ¯, m
′
el =
2
3
e2
s
, (6.5)
and eFRµ¯ν¯u
ν¯ was given in Eq. (5.13). The equations of mo-
tion are then postulated to be mmaterialaµ¯ = e〈Fµ¯ν¯〉uν¯ +
f extµ¯ , where mmaterial is the particle’s material mass.
With the preceding results we arrive at minertialaµ¯ =
eFRµ¯ν¯u
ν¯ + f extµ¯ , where minertial ≡ mmaterial + m
′
el is the
particle’s observed (renormalized) inertial mass. We
have recovered the standard expression for the self-force,
f selfµ¯ = eF
R
µ¯ν¯u
ν¯ .
The averaging method is basically sound, but it con-
tains a number of weak points. A first source of criticism
concerns the specifics of the averaging procedure, in par-
ticular, the choice of a spherical surface over any other
conceivable shape. Another source is an inconsistency of
the method which gives rise to the famous “4/3 problem”
[19]: the mass shift m′el is related to the shell’s electro-
static energy mel = e
2/(2s) by m′el =
4
3mel instead of the
expected m′el = mel. This problem originates from the
fact that the field that is averaged over the surface of the
shell is sourced by a point particle and not by the shell
itself. It is likely that a more careful treatment of the
near-source field will eliminate both sources of criticism:
We can expect that the field produced by an extended
spherical object will give rise to a mass shift that equals
the object’s electrostatic energy, and the object’s spher-
ical shape would then fully justify a spherical averaging.
(Considering other shapes might also be possible, but one
would prefer to keep the object’s structure simple and
avoid introducing additional multipole moments.) Fur-
ther work is required to clean up these details.
The averaging method is at the core of the approach
followed by Quinn and Wald [4], who also average the
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retarded field over a spherical surface surrounding the
particle. Their approach, however, also incorporates a
“comparison axiom” that eliminates the need to explic-
itly renormalize the mass. Their axiomatic approach is
perfectly sound, but it completely bypasses the interest-
ing question of determining the electromagnetic contri-
bution to the particle’s inertia.
C. Detweiler-Whiting axiom
The Detweiler-Whiting decomposition of the retarded
field [5] becomes most powerful when it is combined with
the Detweiler-Whiting axiom, which asserts that
the singular field F Sαβ exerts no force on the
particle (it merely contributes to the par-
ticle’s inertia); the entire self-force arises
from the action of the regular field FRαβ .
This axiom, which is motivated by the time-symmetric
nature of the singular field and its causal relation with
the world line, gives rise to the equations of motion
maµ¯ = eF
R
µ¯ν¯u
ν¯ + f extµ¯ , in agreement with the averaging
method (but with an implicit, instead of explicit, mass
shift), and in agreement with the standard expression for
the electromagnetic self-force. In this picture, the parti-
cle simply interacts with a free field whose origin can be
traced to the particle’s past, and the procedure of mass
renormalization is again sidestepped. This picture of a
particle interacting with a free field is compelling, and
it removes any tension between the nongeodesic motion
of the charge and the principle of equivalence. But the
Detweiler-Whiting axiom is quite strong, and one would
like to justify it on the basis of an independent deriva-
tion of the self-force. This observation leads us toward
an extended-body approach as described in Sec. I, and
toward our particular partial implementation of this pro-
gram.
D. Extended-body approach
The derivation of the electromagnetic self-force pre-
sented in this paper is a generalization to curved space-
time of the extended-body approach of Ori and Rosen-
thal [9, 10], which was limited to flat spacetime. It is
an attempt to eliminate the difficulties associated with a
point particle by dealing instead with an extended charge
distribution. Our attempt is only partially successful:
While we do introduce an extended body, it still con-
sists of two point charges, and we make no attempt to
deal with the internal dynamics, which we replace with
a contrived and artificial control system that keeps the
individual charges on their predetermined world lines.
The result, to be sure, is a derivation of the standard
expression for the self-force that lacks a strong physi-
cal backbone. But while we readily acknowledge this
major flaw, we stress nevertheless that our derivation is
logically sound and consistent, and that it leads to the
correct answer displayed in Eq. (1.2). Taking the view
that all details regarding internal structure must become
irrelevant in the limit s → 0, perhaps it is not so objec-
tionable that in a first attempt to describe the motion
of an extended charged body in curved spacetime, one
would adopt an internal structure that offers simplicity
at the cost of realism.
Our extended body does indeed have the simplest con-
ceivable shape: It is a dumbbell consisting of two point
charges maintained at a constant spacelike separation s;
the dumbbell’s orientation relative to the direction of mo-
tion is arbitrary. The internal electromagnetic forces act-
ing on this extended body can be broken down into four
contributions: The first two are the mutual forces that
each charge exerts on the other, and the remaining two
are the self-forces of each individual charge. The self-
force acting on the entire extended body is the sum total
of these four contributions, combined appropriately in a
way that respects the curved nature of the spacetime. To
identify the proper way of adding the forces was a key as-
pect of our derivation; here we followed the Ori-Rosenthal
prescription and generalized it to curved spacetime.
Another key aspect of this derivation was our reliance
on the fact that each point charge within the dumbbell is
subjected to its own self-force. That this is so may seem
peculiar, but it is in fact required by physical consistency:
It would not do to assume that the individual self-forces
do not exist and to find that a nonzero self-force eventu-
ally emerges from the extended body in the limit s→ 0.
A successful extended-body calculation based on a col-
lection of point charges must therefore incorporate the
idea that each charge is subjected to its own self-force.
The extended-body approach is a consistent method
of derivation that yields the standard expression for the
electromagnetic self-force. It does, however, require an
input axiom, which we reproduce from Sec. I:
The self-force acting on a point charge is a
well-defined vector field on the particle’s
world line, and it is proportional to the
square of the particle’s electric charge.
The fact that the self-force must exist and be a well-
defined quantity was motivated in the preceding para-
graph. The other important aspect of the axiom is the
statement that the self-force must scale like the square
of the charge. That this must be so follows again from a
consistency requirement: In a spacetime with a timelike
Killing vector, the total work done by the self-force must
equal the total energy radiated by the particle [11]; be-
cause the radiated energy is proportional to the square of
the charge, the same should be required of the self-force.
As was discussed in Sec. I, the need for such an ax-
iom is unfortunate, and we must add this flaw to the
flaws that have already been identified. Such an axiom
would not be required in an extended-body calculation
that would deal honestly with the body’s internal dy-
namics. This flaw, therefore, is very much a consequence
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of our refusal to introduce a physical model for the ex-
tended charge distribution and the cohesive forces that
hold it together. In addition, the assumed equality be-
tween radiated energy and work done by the self-force
must be only approximately valid, because heat dissipa-
tion within an extended body would also contribute to
the energy balance. This effect, however, should become
unimportant in the limit s → 0, that is, in the limit in
which the internal dynamics decouple from the external
dynamics.
We regard this axiom as a necessary evil, but we see
it also as a fairly mild assumption. It is, in particular,
milder than the Detweiler-Whiting axiom, and we may
view the extended-body approach as eventually provid-
ing a means to relax the main assumption behind the
Detweiler-Whiting approach. What we would have, then,
is an independent justification of the statement that the
singular field exerts no force on the particle, but that it
makes an electrostatic-energy contribution to its inertial
mass.
We have tried to present a fair and balanced assess-
ment of the weaknesses and strengths of our dumbbell
model. While our derivation of the electromagnetic self-
force does produce the standard expression of Eq. (1.2),
it leaves much to be desired in terms of physical realism.
Our refusal to deal with the body’s internal dynamics
comes with a high price, and our model is indeed too ar-
tificial and contrived (though still consistent) to be fully
satisfactory. It would be desirable to return to this sub-
ject with a more physical model for the extended charge
distribution. We believe that the calculational tools in-
troduced in this paper will be useful in this endeavor. In
particular, it is clear to us that the problem is best formu-
lated in terms of Fermi normal coordinates, which incor-
porate in a general and straightforward way the curved
nature of the spacetime. Another valuable contribution is
our demonstration, in Sec. V, that the addition of partial
forces acting within the extended body is largely insensi-
tive to the details of the transport rule that carries these
forces to a common point. We hope that in the future,
these techniques will facilitate the formulation of a more
realistic internal model.
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